HAYMAN T DIRECTIONS OF MEROMORPHIC FUNCTIONS IN 

SOME ANGULAR DOMAINS 



WU NANi AND XUAN ZU-XING*!^^ 

Abstract. This paper is devoted to investigate the singular directions of mero- 
niorphic functions in some angular domains. We will confirm the existence of 
Hayman T directions in some angular domains. This is a continuous work of 
Yang [Yang L., Borel directions of meromorphic functions in an angular domain, 
Science in China, Math. Series(I)(1979), 149-163.] and Zheng [Zheng, J.H., 
Value Distribution of Meromorphic Functions, preprint.]. 
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1. Introduction and Main Results 

Let f{z) be a meromorphic function on the whole complex plane. We will use 
the standard notation of the Nevanlinna theory of meromorphic functions, such as 
T(r, /), N{r, /), m(r, /), 6{a, /). For the detail, see The order and lower order 
of it are defined as follows 

lo gT(r,/) 
logr 

and 

log T(r,/) 



A(/) = limsup 

r— >oo 

= liminf 



r^oo log r 

In view of the second fundamental theorem of Nevanlinna, Zheng [11] introduced 
a new singular direction, which is named T direction. 

Definition 1.1. A direction L : argz = 6' is called a T direction of f{z) if for any 
£ > 0, we have 

— f^) — 

for all but at most two values of a in the extended complex plane C Here 

where n{t, Q, f = a) is the number of the roots of f{z) = a in Q (1 {1 < \z\ < t} , 
counted according to multiplicity. And through out this paper, we denote ^^(6') = 
{z : 9 — e < aigz < 6 + e} and = {z : a < aigz < 13} . 
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The reason about the name is that we use the Nevanhnna's characteristic T(r, /) 
as comparison body. Under the growth condition 

T(r, /) 

(1.1) hmsup- — ^77 = +00. 

^^00 (logr)^ 

Guo, Zheng and Ng [2] confirmed the existence of this type direction and they 
pointed out the growth condition (1.1) is sharp. Later, Zhang [9] showed that T 
directions are different from Borel directions whose definition can be found in [3J. 

In 1979, Yang |8j showed the following theorem, which says that the condition 
for an angular domain to contain at least one Borel direction. 
Theorem A. Let f{z) be a meromorphic function on the whole complex plane, 
with fi < 00,0 < A < 00. Let p be a finite number such that X > p > fi and 
p > 1/2. If f^^\z){k > 0) has p distinct deficient values ai, 02, ■ ■ ■ , flp, then in any 
angular domain Q{a,l3) such that 



p 



p — a > max{ — , 27r > arcsm \/ }, 

p p ^-^ V ^ 



=1 



f{z) has a Borel direction with order > p. 

Recently, Zheng ^lOj discussed the problem of T directions of a meromorphic 
function in one angular domain by proving. 

Theorem B. Let f{z) be a transcendental meromorphic function with finite lower 
order p and non-zero order A and f has a Nevanlinna deficient value a G C with 
6 = 6{a, /) > 0. For any positive and finite r with p < t < X, consider the angular 
domain Q{a,(3) with 

71 A [5 

(3 — a > max{ — , 27r arcsin \ -}. 

r r V 2 

Then f{z) has a T direction in fl = fl{a,P). 

Following Yang |8] and Zheng [10], we will continue the discussion of singular 
directions of f{z) in some angular domains. The following three questions will be 
mainly investigated in this paper. 

Question 1.1. Can we extend Theorem B to some angular domains 

q 

X = [j{z : aj < cLigz < /3j}, 
i=i 

where the q pair of real numbers {aj,l3j} satisfy 

(1.2) - vr < ai < /3i < aa < /32 < ■ ■ ■ < ftg < /5g < vr? 

Question 1.2. Can f(z) in Theorem B be replaced by any derivative f^^\z){p > 
0)? 



Question 1.3. What can we do if f{z) has many deficient values oi, 02, 03, ■ ■ ■ ,ai 

in Theorem B? 
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According to the Hayman inequality (see [3]) on the estimation of T{r, f) in 
terms of only two integrated counting functions for the roots of f{z) = a and 
f^^\z) = b with & 7^ 0, Guo, Zheng and Ng proposed in [2] a singular direction 
named Hayman T direction as follows. 

Definition 1.2. Let f{z) be a transcendental meromorphic function. A direction 
L : argz = 6 is called a Hayman T direction of f{z) if for any small e > 0, any 
positive integer k and any complex numbers a and 6 7^ 0, we have 

N(r, Z.(#), f = a)+ N{r, Z,(0), /(>'> = b) 

'TJ'S' Wj) " 

Recently, Zheng and the first author [12] confirmed the existence of Hayman T 
direction under the condition that 

r(r, /) 

(1.3) limsup - — ^ = +00 

(logr)-^ 

In the same paper, the authors pointed out the Hayman T direction is different 
from the T direction and they gave an example to show the growth condition (1.3) 
is sharp. Can we discuss the problem in some angular domains in the viewpoint of 
Question 1.1-1.3 ? Though out this paper, we define 

u = max{- , ■ ■ ■ , }. 

Pi - ttl Pq- aq 

Now, we state our theorems as follows. 

Theorem 1.1. Let f{z) be a transcendental meromorphic function with finite lower 
order fi < 00, < A < 00. There is an integer p > 0, such that f^^^ has a 
Nevanlinna deficient value a G C with 5{a, f^^^) > 0. For q pairs of real numbers 
satisfies (11.21) . / has at least one Hayman T direction in X if 



[lA) - f3j) < - arcsin ' Z^^""' ^'^"^^ 



a 



where /i < o" < A, and uj < a. 

Theorem 1.2. Let f{z) be a transcendental meromorphic function with finite lower 
order jj, < 00, < A < 00. There is an integer p > 0, such that f^"* has I > 1 
distinct deficient values ai, 02, ■ " " ^^.i with the corresponding deficiency S{ai, f^^^), 
S{a2, /^^^), ■ ■ ■ , S{ai, f^^^). For q pair of real numbers {aj, /3j} satisfying ( II. 2p and 

(1.5) ^(a,,,-,3,)< areata T^SZl), 

where fi < a < X. If uj < a, then f has at least one Hayman T direction in X. 

We will only prove Theorem 11.21 and Theorem 11.11 is a special case of Theorem 
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2. Primary knowledge and some lemmas 

In order to prove the theorems, we give some lemmas. The following result is 
from im. 



Lemma 2.1. Let f{z) be a transcendental meromorphic function with lower order 
fi < oo and order < A < oo, then for any positive number fJ^ < cr < X and a set 
E with finite measure, there exist a sequence such that 

(1) r„ ^ E, lim ^ = oo; 



n— »oo 



^^;iiniinfM^ >a; 

(3)T{tJ) < (l + o(l))(f)'^T(r„/2,/),t G [r„/n,nr„]; 

U)T{t, f )/t--'- < 2'^+iT(r„, /)/rr'", 1 < t < nr,,£„ = [logn]-^. 

We recall that is called the Polya peaks of order a outside E. Given a 
positive function A(r) satisfying \im.^^^ h.{r) = 0. For r > and a G C, define 

DA{r, a) = {0e [-vr, tt) : log+ -—^ , > A(r)T(r, /)}, 

and 

DA(r,oo) = {9e [-71,71) : log+ \f{re'')\ > A(r)T(r,/)}. 

The following result is called the generalized spread relation, and Wang in f6j proved 
this. 

Lemma 2.2. Let f{z) be transcendental and meromorphic in C with the finite 
lower order /i < oo and the positive order < A < oo and has I > 1 distinct 
deficient values Oi, 02, ■ ■ ■ , ct/. Then for any sequence of Polya peaks of order 
a>0,/i<a<A and any positive function A(r) ^0 as r ^ +00, we have 



I , I 



limmf > meas iJA(r„, aj) > mm|27r, — > arcsm y 1. 

j=l j=l 

From [8], we know that for a ^ h are two deficient values of /, then we have 
DA(r,a)n^A(r-,6) =0. 

Nevanlinna theory on the angular domain plays an important role in this paper. 
Let us recall the following terms: 

A^Ar,f) = - / (t:;-— ){log+|/(te^°)|+log+|/(te^^)|}-, 
71 Ji I r I 



2uj f 

B^Ar, f) = — log+ |/(re^^)| sin^(^ - a)d9, 

1 \b \^ 



l<|fe„|<r ' " 

J9n 



where u = jz^, and 6^ = |&n|e is a pole of f{z) in the angular domain f2(a,/3), 
appeared according to the multiplicities. The Nevanlinna's angular characteristic 
is defined as follows: 

S^Ar. f) = AaAr, f) + BaAr, f) + C^Ar, /)• 
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From the definition of Bc,,f3{r,f), we liave tlie following inequality, which will be 
used in the next. 

(2.1) B^ArJ) > ^^^^^ Plog- \fire-)\de 

The following is the Nevanlinna first and second fundamental theorem on the an- 
gular domains. 

Lemma 2.3. Let f be a nonconstant meromorphic function on the angular domain 
Q{a, (3). Then for any complex number a, 

5a,/3(r, /) = S^Ar. + 0(1), r ^ oo, 

J a 

and for any q{> 3) distinct points aj E C {j = 1,2, ... ,q), 

1 _ 1 
(g - 2)S^Ar. /) < E ^"'/^(^' 737") + 

where 



j=i -I 1 



/ -,=1 J 

The key point is the estimation of error term Qa,i3{f, /), which can be obtained 
for our purpose of this paper as follows. And the following is true (see [1]). Write 

fip) fip) 
Q{r, f) = A^Ar, ^) + B^A^. —)■ 

Then 

{l)Q{r, f) = O(logr) as r oo, when A(/) < oo. 

{2)Q{r, f) = 0(logr + log T(r, /)) as r oo and r ^ E when A(/) = oo, where 
is a set with finite linear measure. 

The following result is useful for our study, the proof of which is similar to 
the case of the characteristic function T(r, /) and T(r, /'■'^^) on the whole complex 
plane. For the completeness, we give out the proof. 

Lemma 2.4. Let f{z) be a meromorphic function on the whole complex plane. 
Then for any angular domain Q{a,f3), we have 

SaAr, f^"^) <iP + l)SaAr, f) + 0(log r + logT(r, /)), 
possibly outside a set of r with finite measure. 

Proof. In view of the definition of Sa,i3{r, f) and Lemma [2. 3 [ we get the following 

SaAr, f^"^) < Co^Ar, f^"^) + + B)^Ar, f) + {A + B)^Ar, ^) 

_ fip) 
= pCaAr, f) + S^Ar. f) + {A + B)^Ar, —) 

<(p + l)^«,^(r,/) + g(r,/). 

□ 
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Recall the definition of Ahlfors-Sliimizu characteristic in an angle (see [5]). Let 
f{z) be a meromorphic function on an angle Q = {z : a < aigz < (3}. Set 
il{r) = iln {z : 1 < \z\ < r}. Define 



t 

The following lemma is a theorem in [12], which is to controll the term T(r, Q^) 
using the counting functions N(r, il, f = a) and N{r, fi, /*^^) = b). 

Lemma 2.5. Let f{z) be meromorphic in an angle Q = {z : a < a.Tgz < (3}. Then 
for any small e > 0, any positive integer k and any two complex numbers a and 
b 0, we have 

(2.2) T(r, n„ f) < K{N{2r, n, f = a) + N{2r, n, = b)} + 0(log=^ r) 

for a positive constant K depending only on k, where Qe = {z : a + e < a.Tgz < 
P-e}. 

In order to prove our theorem, we have to use the following lemma, which is a 
consequent result of Theorem 3.1.6 in [TOj . 

Lemma 2.6. Let f{z) be a transcendental meromorphic function in the whole 
plane, and satisfies the conditions of Theorem \l.^ or Theorem \l.l\ Take a sequence 
of Polya peak {r„} of f{z) of order a > u = -j^. If f{z) has no Hayman T 
direction in the angular domain Q{a,l3), then the following real function satisfy 
lim A(r) = 0, which A(r) is defined as follows 

r— >oo 

^r(r„,fi„/) < r- r{t,n,,f)^^ r-[logr„ + logT(r„,/)]. 



for rn<r < r„+i. 

Proof. We should treat two cases. 

Case (I). If there is no Hayman T direction on f2, then from Lemma [2.51 we have 

r(r, fi„ /) = o(r(2r, /)) + 0(log3 r), as r ^ oo. 
Combining Lemma 2.1 and a > tu, we have 



= «(%^)+0(log^r„) 



Then 



-at — U, as n — > cx). 
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Case (II). If 



limsup — — > 0, 

n^oo -t V rt) J ) 



then by (12. 2p . we have 



hmsup — -— > 0. 

n^oo -L yi ni J I 

Since {r^,} is a sequence of Polya peaks of order a, then we have 

r(2r„,/)<2'^r(r„,/). 

Then f2 must contain a Hayman T direction of /(-z). This is contradict to the 
hypothesis. 

From Case (I) and Case (II) and notice that r'^\\.ogrn + log T(r„, /)]/T(r„, /) — > 
0, {n oo), we have proved that limsup^^oo A(r) = 0. 

□ 

The following result was firstly established by Zheng [10] (Theorem 2.4.7), it is 
crucial for our study. 

Lemma 2.7. Let f{z) be a function meromorphic on Q = Q{a,f3). Then 



S^^p{r,f)<2uj — + ^ ^^+1 — dt + 0{l), u 



(3 — a 

We also have to use the following lemma, which is due to Hayman and Miles |1] . 

Lemma 2.8. Let f{z) be meromorphic in the complex plane. Then for a given 
K >1, there exists a set M{K) with log densM{K) < 6{K), 6{K) = min{(2e-^-^- 
(1 + e{K - l)exp{e{l - K)))}, such that 

T(r, f) 

limsup — — '-jTy: ^ Sei^. 

3. Proof of theorem 11.21 

Proof. Case(I). A(/) > /i. Then we choose a such that X{f^^) = A(/) > cr > fj, = 
f^if^^^)^'^ > '^^ From the inequality (II. 5p . we can take a real number e > such 
that 



(3.1) J](«,+i -(5^+Ae)+e<Y, arcsin ^ ^ ^ 

and 

A(/(P)) >(T + 2£ > /i. 

Then there exists a sequence of Polya peaks {r„} of order o" + 2e of Z*-^^ such that 
{r„} are not in the set of Lemma [2.41 and Lemma [2.81 
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We define q real functions Aj(r)(j = 1, 2, ■ ■ ■ , g) as follows. 
Aj(r)^ = max{- 



^2 _('^{rn,^{aj + e,(3j-e)J) 



T(r„,/) 

Tn' n r{t,Q{aj + e,f3,-e),f) r;^- [log r„ + log T(r., /)] ^ 

T(r„,/)yi t-^^' ' T(r„,/) ^' 

for r„ < r < r„+i, cu^ = . By using Lemma 2.5, we have Aj(r) — > 0, as r — > cxd, 

if /(z) has no Hayman T directions on X. Set A(r) = maxi<j<g{Aj(r)}, we have 
limr^oo A(r) = 0. Therefore for large enough n, by Lemma [2.21 we have 



I . I 



(3.2) >^ meas D\{rn, aj) > min{27r, — >^ arcsin y — ^ } — e. 

We note that cr + 2e > 1/2, we suppose for any n (13. 2p holds. Set 

I q 
Kn = meas((|J DA(r„, aj)) []i[j{aj + 2e,Pj - 2e))). 
j=i i=i 
Combining (13. ip with (13.21) . we obtain 

I q 

Kn > meas(DA(r„, aj)) — meas([— vr, 7r)\ [J(aj + 2e, Pj — 2e)) 
j=i i=i 

/ q 

= meas(iJA(^rn o-j)) — meas(|^(/5j — 2e, aj+i + 2e)) 
j=i i=i 
/ q 
= meas (Da (r^, aj)) - ^(a^+i - Pj + 4^) > e > 0. 

It is easy to see that, there exists a jo such that for infinitely many n, we have 



meas(|J D^irn, aj) f]{aj^ + 2e, pj^ - 2e)) 



Kr, e 



> — > 



We can assume that the above holds for all the n. 

Set Enj = D{rn, aj) f]{ajo + 2e, Pj^^ — 2e). Thus we have 

I 



^ de 



(33) > '^^^<Er,,)K{rn)T{r^, f^^) 



> -A(r„)T(r„,/(f)) 



The last inequality uses Lemma 2.8. 
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On the other hand, we have 



(3.4) 

TT 



< 7^ [(p + l)S^M,M^n. f) + logr„ + logT(r„, /)] + 0(r:; 







sini 






/tt 






sini 






Itt 




2^io 


sini 





+ rr^ [logr„ + log T(r„„ /)] + O(r^) 

< IV , . (p+l)K,A(r„)^T(r„,/)+^|^A(rJ^T(r„,/)] 

+ 7^ ^^^^ rC" [logr„ + logT(r„, /)] + O(r^), u;,, = ^ -. 

(1331) and ([MD imply that 

A(r„) < 0(A(r„)2). 
A contradiction is derived because A(r„) ^0 as n — > oo. 

Case (II). A(/) = /x. By the same argument as in Casel with all the a + 2e 
replaced by a = /i, we can derive the same contradiction. □ 
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